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Abstract 



Higher dimensional super symmetry has been analyzed in terms of 
quaternion variables and the theory of quaternion harmonic oscillator has 
been analyzed. Supersymmertization of quaternion Dirac equation has 
!* been developed for massless, massive and interacting cases including gen- 

, eralized electromagnetic fields of dyons. Accordingly higher dimensional 

• super symmetric gauge theories of dyons are analyzed. 

> : 

^ ■ 1 Introduction 



Quaternions were very first example of hyper complex numbers having the sig- 
nificant impacts on mathematics & physics Q] . Because of their beautiful 
and unique properties quaternions attached many to study the laws of nature 
over the field of these numbers. Quaternions are already used in the context 
of special relativity j2], electrodynamics [HI El, Maxwell's equation^, quantum 
mechanics [(j, 7\, Quaternion OscillatorJB], gauge theorie > Supersymme- 

try mjand many other branches of Physics^J] an d Mathematics[13 .On the 
other hand supersymmetry (SUSY) is described as the symmetry of bosons and 
fermions^HElEj- Gauge Hierarchy problem, not only suggests that the SUSY 
exists but put an upper limit on the masses of super partners^HESj- The exact 
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SUSY implies exact fermion-boson masses, which has not been observed so far. 
Hence it is believed that supersymmetry is an approximate symmetry and it 
must be broken ^SlEDI- We have considered following two motivations to study 
the higher dimensional supersymmetric quantum mechanics [21] over the field of 
Quaternions. 

1. Supersymmetric field theory can provide us realistic models of particle 
physics which do not suffer from gauge hierarchy problem and role of quaternions 
will provide us simplex and compact calculation accordingly. 

2. Quaternions super symmetric quantum mechanics can give us new window 
to understand the behavior of supersymmetric partners and mechanism of super 
symmetry breaking etc. 

3. Quaternions are capable to deal the higher dimensional structure and 
thus include the theory of monopoles and dyons. 

Keeping these facts in mind and to observe the role of quaternions in super- 
symmetry, the theory of quaternion harmonic oscillator has been analyzed for 
the systems of bosons and fermions respectively in terms of commutation and 
anti commutation relations. Eigen values of particle Hamiltonian and number 
operators are calculated by imposing the restriction on the component of quater- 
nion variables. Accordingly, the super charges are calculated and it is shown 
that the Hamiltonian operator commutes with the super charges representing 
the conversion of a fermionic state to a bosonic state and vice versa. Quaternion 
reformulation of N= 1 , 2 and 4 dimension supersymmetry has been investigated 
in terms of supercharges and super partner potential and quaternion mechanics 
has also been analyzed in terms of complex and quaternion quantum mechanics 
for N = 2 and N = 4 SUSY respectively. It has been shown that elegant frame 
work of quaternion quantum mechanics includes non Abelian gauge structure in 
contradiction to complex quantum mechanics of supersymmetry corresponding 
to N= 2, complex and N= 4 real dimension of supersymmetry. 

2 Definition 

A quaternion 4> is expressed as 

<t> = e o4>o + + e 2 2 + e 3 3 (1) 

Where 4>q, <j>i, (f>2, </>3are the real quartets of a quaternion and eo, ej., e?, are 
called quaternion units and satisfies the following relations, 

el = e = 1 
eoe l = e»eo = ei(i = 1, 2, 3) 

e t ej = -Sij +£ijkek(i,j,k = 1,2,3) (2) 
The quaternion conjugate 4> is then defined as 

<t> = e o^o - et<f>i - e 2 02 - e 3 3 (3) 
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Here <po'is real part of the quaternion defined as 

4> =Re(t>=~$ + <p) (4) 

Re 4> — 4>o — , then <j> = —(f) and imaginary 4> is called pure quaternion and is 
written as 



Im <j) = ei(j)i + e 2 (f>2 + e 3 3 (5) 
The norm of a quaternion is expressed as 

N(d>) = # = # = ^ + <^+^ + ^>0 (6) 
and the inverse of a quaternion is described as 



\<f>\ 

While the quaternion conjugation satisfies the following property 



(7) 



(<M2) = 4>2^1 (8) 

The norm of the quaternion © is positive definite and enjoys the composi- 
tion law 



- NfrjNfa) (9) 

Quaternion Q is also written as = (</>o, 4> )where (f> —ei4>i +e 2 (f>2 +e3<f>3 is 
its vector part and 0ois its scalar part. The sum and product of two quaternions 
are 



(a ,~a) + (A), (3) = (a +p ,~a + [3) 

(a ,~a) ((3 Q , (3) = {a f3 - ~a . (3 , a (3 + /3 ~a + ~a x j3 ) (10) 

Quaternion elements are non-Abelian in nature and thus represent a division 
ring. 

3 Field Associated with Dyons 

Let us define the generalized charge on dyons as |22l 123] , 
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q = q = e-ig(i = V^l) (11) 

where e and g are respectively electric and magnetic charges. Generalized 
four potential {V^} = {^p, V^j associated with dyons is defined as, 

m = {A,} -i {B^ = (^V) (12) 

where {^4^} = (tp e , ^4jand {B^} — (^p g , B^j are respectively electric and 
magnetic four potentials. We have used throughout the natural units c = H = 1. 
Electric and magnetic fields of dyons are defined in terms of components of 
electric and magnetic potentials as, 



_> _> _> _> 

E = — — - Vip e - V x A 
at 

-> d~B -> -> -> 

H = -—-Vipg-VxB (13) 

These electric and magnetic fields of dyons are invariant under generalized 
duality transformation i.e. 



{A^} => {A^ cos6 + {B^ sinO 

{B^} => - {A^} sin9 + {B^} cosO (14) 

The expression of generalized electric and magnetic fields given by equation 
l(T3j) are symmetrical and both the electric and magnetic fields of dyons may be 
written in terms of longitudinal and transverse components. The generalized 
vector electromagnetic fields associated with dyons is defined as 



ip = E-iH (15) 

As such, we get the following differential form of generalized Maxwell's equa- 
tions for dyons i.e. 



V • V = Jo 
Vx^ = -i~J (16) 

where jo and J , are the generalized charge and current source densities of 
dyons, given by; 
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W = UJ- * {M = ( J o, ~J) (17) 

Substituting relation 11 -til into equation 111 oil and using equation 11211 . we 
obtain the following relation between generalized vector field and potential of 
dyons i.e. 



^ = -^-V^iVxF (18) 

where electric and magnetic four current densities^} = (p e , j )and {fc M } = 
(p g , k )Thus we write the following tensor forms of generalized Maxwell's-Dirac 
equations of dyons i.e. 



F = d v F = i 

F^u = d u F^ = k^ (19) 

where 



F — F — H 



Ffj,,/ — H^v + E^ v (20) 



and 



E^v 




Elfuj 


= B^, u — B, 






E^v 


— -F \F C 




K w 




— 2 M^^ 7 ^ 



(21) 

The tidle denotes the dual part while e^ va \ are four indexes Levi-Civita 
symbol. Generalized fields of dyons given by equation 111 .'ill may directly be 
obtained from field tensors F^and F^ v as, 



Foi 


= E l 


Fj 


= EijkH k 


Hoi 


= -H l 




= —ZijkE 



(22) 
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A new vector parameter S (say) may directly be obtained fT(]j[r2]from equa- 
tion Ijlfill i.e. 



~S = Dip = - Vp- i V x ~i> (23) 

where ^represents the D' Alembertian operator i.e. 



n - — ------ 

dt 2 dx 2 dy 2 dz 2 (2 ' 

Denning generalized field tensor as 

G>„ = F^-iF^ (25) 
We may directly obtain the following generalized field equation of dyons i.e. 

G^u^u — d v G jlv = J M (26) 

where G^ — V^. v — V^is called the generalized electromagnetic field tensor 
of dyons. Equation 12 (ill may also be written as follows like second order Klein- 
Gordon equation for dyonic fields; 

□V„ = J p (27) 

where we have imposed the Lorentz gauge condition on both potentials and 
consequently to generalized potential. Equations ( I19J1 and Il2(it are also invari- 
ant under duality transformations; 

(F, F) = (Fcos6 + Fsin0;-Fsin6+ FcosO) (28) 
(jvtikp) = [j^cosO + k^sinO-j—jfiSinO + k^cosff) (29) 

where 

- = 5t = = -tan 9 = Constant (30) 

e jfj, 

and consequently the generalized charge of a dyon may be written as 

q = \q\exp(-i9) (31) 
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The suitable Lagrangian density, which yields the field equation 12fit under 
the variation of field parameters (i.e. potential only) without changing the 
trajectory of particle, may be written as follows; 

L = -\G%G^ + V;V^ (32) 

where * denotes the complex conjugate. Lagrangian density given by equation 
1.1211 directly leads the following expression of Lorentz force equation of motion 
for dyons i.e. 

ffi = Re(q*G flv )u v (33) 
Where Re denotes real part and {u v } is the four-velocity of the particle. 

4 Quaternion SUSY Harmonic Oscillator 

Let us define bosonic quaternion oscillator as the extension of complex oscillator 
having the decomposition [Hjas, 

a = -^= [a + e{ax + e 2 a 2 + e 3 a 3 ] (34) 
V6 

where ao, a±, a 2 , a 3 are real operators . Let us defined the conjugate of equation 
OH as 



a* = —= [ao — e{ai — e 2 a 2 — e 3 a 3 ] (35) 
V6 

Like other oscillator, we start with the following fundamental boson commuta- 
tion relations i.e. 



1 


(36) 

Then to maintain the above relations of bosonic oscillator, we get the following 
commutation relation between the components of bosonic oscillator in terms of 
imaginary quaternion units i.e. 









a , 


at] 




[a 


, a] 






an 







ai] 


= ei 


a . 


a" 2 ] 


= e 2 


ao . 


a 3 ] 


= e 3 



(37) 



7 



[a , a A ] = e A (A = 1,2,3) 
[a ^ , a„] = V n ^ v 

Let us describe the Hamiltonian for bosonic harmonic oscillator as 



V P , 1 2 2 

= ^ + ^^ 
which can be written in terms of as 



He 



—hLj(aaJ + a) a) = huj(a < a + — ) 



where 



1 



a = 



at = 



\ / 2mhuj 
1 



(muiq — e\p) 
(muiq + eip) 



Then it is necessary to recover the ordinary commutation relation 
h between q,'p .So, we get 



V = 



(-ai + e 3 a 2 - e 2 a 3 ) 



a 



3moj 



Now we can define the number operator as 



Nb = a f a 
which thus commutes with Hamiltonian iJsi.e. 



N B , H B =0 



Bosonic number operator satisfies the following relations; 



which shows that a and a^may be regarded as annihilation and creation opera- 
tors. We also have 



6|Q) 







a? In) 



Vn+1 |n+ 1) 

a\n) = \/n \n — 1) 
Nb\ti) = n\n) 

and the Hilbert space is then spanned by state vectors as 



(46) 



\n) 



-(aty>) 



(47) 



where |0) is considered as ground or vacuum state and then must be nor- 
malized as 



<0 | 0) = 1 
and thus gives rise to the familiar results 



(48) 



H B \n) = E n \n) = (n + i) |n) ; E n = (n + h 



(49) 



Similarly we can write the following anti commutation relation for fermionic 
harmonic oscillator 



{**.*} 



= 1 
= 
= 



(50) 



where b is a fermionic quaternion operator and may be decomposed as 



bo + ei&i + e 2 b 2 + e 3 b 3 
bo - e\b\ - e 2 b 2 - e 3 b 3 



(51) 



To satisfy the relations lloOt by fermion operators given by equation 15111 , it 
is necessary to impose the following restrictions on the various components of 
operators i.e., 
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bi 



-bi 



bl- 



b\ 



bi 



bl = 
bl- 



bj , b k 
b, bj 



= £ 3 kl 
= 




3 

V j,M = l,2,3 



(52) 



We have defined through out the text [ , ] as commutator, { , }as anti commuta- 
tor and £jki is three index Levi- Civita symbol. Like bosonic harmonic oscillator 
let us define the fermionic Hamiltonian as , 



Hp = hxw{btf 



Pb) = fkj{bP - ^) = hu(N F - 1) (53) 



Where Np = Pb and Np can take eigen values n/ = 0, l.The Hilbert space 
with basis vector \n) is now constructed in the following manner so that 



N F \n) =n f \n) (n/=0, 1) 

b |1) =|0) 

V |o) =|i) 

b |0) =0 = & f |l) 



(54) 



The energy eigen spectra of fermionic oscillator have only two levels for eigen 
state |0)or |1) i.e. Eq = —\hx> and E\ = +iftwshowing that ground state energy 
of this oscillator is negative i.e. Eq = ■ 

Let us now construct a simple supersymmetric quantum mechanical system 
that include an oscillator with the bosonic and fermionic degrees of freedom 
.We call it as supersymmetric harmonic oscillator viewed in the frame work 
of quaternion variables. The supersymmetry is thus obtained by annihilating 
simultaneously one bosonic quantum and creating one fermionic quantum or vice 
versa. We illustrate the annihilating (supersymmetric) charges (generators) as 



Q = 

So the SUSY Hamiltonian becomes 



(atfe) 
(Pa) 



(55) 



H = {0 f , 0} - hw {a* a + fetfej = fuj(N B + N F ) 



(56) 



and 



H , Q 



H , Qt 



(57) 
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where Nb and Np are respectively bosonic and fermionic number operators. 
The eigen state is described as\n B , np) and ground state as |0 . 0)so that 



H \n B , n F ) = E, 



\n B , n F ) ; n B = 0, 1,2,3, 



;n F = 0,1. (58) 



and we also have 



Q\n, l F ) 
Q f |n + 1, Op) 



Vn+T|n + 1, 0) 



Vn + l|n, 1) 



(59) 



These supercharges represent conversion of a fermionic state to a bosonic 
state and bosonic state to fermionic state or vice versa i.e. 



Equations Il56fa nd 15 711 are analogous to following equations of supersymme- 

try, 



for a = and a = f3 = lnamely one dimensional SUSY .Supercharges al- 
ways commute with the usual Hamiltonian.Thus the anti commuting charges 
in quaternion formalism combine to form the generators of time translation, 
namely the Hamiltonian H. The ground state of this system is the state 
l°} osc • \°) S pin or l°)& os <m ■ \°)fermion = 1° > 0>where both bosonic and fermionic 
degrees of freedom are in the lowest energy state. As such we have analyzed the 
theory of supersymmetric harmonic oscillator for one dimensional supersymmet- 
ric quantum mechanics and putting the restriction accordingly. Other wise one 
has to extend the dimensions and to loose the hermiticity of the Hamiltonian 
of the supersymmetric system. Let us now try to illustrate the Supersymmetry 
of Dirac equation in terms of quaternion variables. 

5 Supersymmetric Quaternion Dirac Equation 

The quaternion formulation of free particle Dirac eauation[fil l24ll25] is described 
as, 



Q f \BOSON) 
Q \FERMION) 



\FERMION) 
\BOSON) 



(60) 




(61) 



(62) 



i 7m d^ip(x,t) 



milj(x,t) (n = 0,1,2,3) 



(63) 
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Let us discuss the supersymmetrization in terms of following three cases. 
Case I: For mass less free particle i.e. to = and external potential $ = 0; 
Equation becomes 



i In dfj,tp(x, t) = 
Let us consider the following solutions of this equation as 



(64) 



ip(x,t) 



i (~p-~x— Et) 



(65) 



where we have taken natural units c = H=l and as such we get the following 
form of equation 
JEJli.e, 



{■jaE - 71P1 - 72P2 - 73P3) ip(x) 







(66) 



We define the following representation of gamma matrices in terms of quater- 
nion units i.e. 



thus equation 



7o = 
li = 
takes the form 



ei 



1 

-1 

1 

1 



a = 1,2,3) 



(67) 



1 

-1 



E-ei 



1 

1 



Pi 



1pa 



= 



(68) 



where ip a = tpo + i i/'iand tpi = ip2 — i ip3-We thus obtain the following coupled 
equations 



Ai/) a (x) = Eij) b {x) 

A^ b (x) = Eij) a {x) (69) 
where A — — e; % and = eipi.We can now decouple equation as 



AA^Mx) 

A^M a {x) 
P?Mx) 



E 2 Mx) 
E 2 Mx) 

E 2 Mx) 



(70) 
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where ip a (x) and ipb(x)a,re eigen functions of partner Hamiltonians 
A^A and H+ = A A* .The supersymmetric Hamiltonian is thus described as 



H 










' -P, 2 








H- 







p? _ 



(71) 



Restricting the propagation along x-axis to discuss the quantum mechanics 
in two dimensional space time, we have 









d 


Pi = 




-i 


dx 






d 




eipi = 


dx 












H = 









dx' 2 



(72) 



H = 



QQ 1 








where supercharges are described in terms of quaternion units i.e. 



Q = 
nt - 



-Ah 



J A. 

-2 dx 



As such we may obtain the supersymmetry algebra as 



(73) 



(74) 



t «t 



{Q,Q} = {q\q}=0 



convert the lower component Spinor 



(75) 



Here Q. converts the upper component spinor <j ^J* Ito a lower one j ? land 



If V'to be 



1. J 

^ ) t0 upper one ( 

an eigen state of H + (H_), Qip(Q^ip)is the eigen state of that of £f+(-ff_)with 
equal energy. 

Case II- to ^ Obut potential $ = 0. Corresponding Dirac's equation Q63I1 
with its solution llrTfif is described as 
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(■yoE - 71P1 - 72P2 - 73P3 - m) tp(x) = 



(76) 



which may be written as follows in terms of quaternion units i.e. 



1 

-1 



E-ei 



1 

1 



Pi—m 



1 
1 



U'b 



(77) 



Accordingly ,we have the following sets of equations 



A^ b = 


(E- 


- m)ip a 


A^ a = 


(E-i 


- m)i/j b 


A^Alp a = 


(E 2 


- m 2 )ip a 


AA^ipi = 


(E 2 


- m 2 )ip b 


2 

Pi 1pa,b = 


(E 2 


- m 2 )^a, 



which are the Schrodinger equation for free particle. SUSY Hamiltonian is 
now described as 



H = 







Pi +m 2 






Pi + m 2 



(79) 



On the similar way we get the following relations while restricting for two 
dimensional structure of space and time i.e. 



H = 



<3Q f 








(80) 



where 



cr 



.J A. 

e 2dx 







J A. 



(81) 



Hence we restore the property of SUSY quantum mechanics and obtain the 
commutation and anti commutation relations same that of equation l(75|l for the 
free particle Dirac equation with mass as well. 

Case III- We now discuss and verify the SUSY quantum mechanics relations 
for m with scalar potential $ = U.We extend the present theory in the 
same manner and express Dirac Hamiltonian in the following form; 
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or 



or 



H D = 



H n = 



eipi 
-eipi 



-i (m + V) 

i(m + V) 



eipi — i (m + V) 

-eipi + i(m + V) 



H = 



where 



QQ 1 
&Q 



Q = 
nt - 



+ {m + V) 2 



(82) 



(83) 



(84) 



- e ^+i(m + V) 



(85) 



Equations I|82J1 to (!85D satisfy the supersymmetric quantum mechanical rela- 
tions given by equation (ZH and as such the supersymmetry is verified even for 
interacting case with scalar potential. 

Case IV- Dirac equation in Electromagnetic Field- 
Before writing the quaternion Dirac equation in generalized electromagnetic 
fields of dyons let us start with the quaternion gauge transformations. A Q— field 
is described in terms of following SO (4) local gauge transformations^ E]; 



U<j)V U,VeQ, UU=VV = 1 



(86) 



The covariant derivative for this is then written in terms of two gauge po- 
tentials as 



Dpcj) = 8^0 + A^ 
where potential transforms as 



(87) 



A = UA^U+Ud^U 



= VB^V+Vd^V 



(88) 



and 
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={U4>V){{uw) = # = $ + 



2 



(89) 



Here we identify the non Abelian gauge fields ^4 M and £? M as the gauge poten- 
tials respectively for electric and magnetic charges of dyons described earlier in 
section-3. Corresponding field momentum of equation l|87ll mav also be written 
as follows 



(90) 



where the gauge group SO (A) — SU(2) e x SU(2) g is constructed in terms 
of quaternion units of electric and magnetic gauges .Accordingly, the covariant 
derivative thus describes two different gauge field strengths i.e. 



[Dp, D v ] 4> = fp V <f> - <fihp„ 

fnu = Ap iV A v> p + [Ap, A v \ 
hp V — B^.u — B v ^ + [Bp, B v \ 



(91) 



where fp U and hp V are gauge field strengths associated with electric and 
magnetic charges of dyons respectively. We may now write the Dirac equation as 



i 7m Dpip(x,t) 



and accordingly with some restrictions and using the properties of quater- 
nions we may write the Dirac equation as 



-ep{Pp + Ap - Bp) 



A M - Bp) 



= E 



4>a 



(92) 



where (p a = <^o 
set of equations; 



i^iand ipb — if2 — i^and as such we obtain the following 



epippipb + Api/j b - ipbBp) 

epiPplpa + Apljja - IpaBp) 



mipa + ep(ppip b + Apipb - 4>bBp) 
rmpb + e^ippt/ja + Apip a - ip a Bp) 



(E 
(E 



m)ip a 
m)ipb 



A^ipb = {E - m)ip a = ep(ppip b + Apip b - ?PbBp) 

Alp a = (E + m)lp b = 6p (Pplpa + Apljj a ~lj) a Bp) 

ftA^ a = {E 2 -m 2 )^ a 

AA^b = {E 2 ~m 2 )4> b (93) 
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where we have restricted ourselves to the case of two dimensional super- 
symmetry by imposing the condition A\ = — Ai,A% = —A 2 ,Al = — A 3 ,B\ = 
—Bi, B\ = —B2, B\ = —B 3 to restore the supersymmetry.As such it is possible 
to supersymmetrize the Dirac equation for generalized electromagnetic fields of 
dyons and we obtain the commutation and anti commutation relations given by 
equation to verify the supersymmetric quantum mechanics in this case. 

6 Higher dimensional Supersymmetry 

Quaternion differential operator is defined as 

d = —id t + e\d\ + e 2 d 2 + e 3 <9 3 

d = -id t - eidi - e 2 d 2 - e 3 d 3 (94) 

which describes 

dd = d? + df + d% + di (95) 

and can be decomposed in to two dimensional from as 

8 a. = -V* . + (96) 

where (f ) changes only complex quantities with one quaternion units which 
plays the role of complex quantity (in C(l,i) case ) and thus is equivalent to 

- v = (97) 

Now defining q = (-^ + i-^j) and = (— ^ + i^)we have the negative 

of Laplacian —V 2 = qq^ = q^qandthus describes two-dimensional free parti- 
cle Supersymmetric quantum mechanics. Following Das et al[2Tj we may now 
construct a two-dimensional supersymmetric theory in the following manner, 

q = ~a-(V + W) (98) 

where W is described as super potential, ~a = a x + ia y and V represents 
the two dimensional gradient. We may now write the super partner hamiltonians 
described in the previous sections as[21J; 



2 

H 2 = qtf =^(V i + W,)(-V J -+^)-^ ifc {V J -,V fc } (99) 
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as described earlier here also the curly brackets represent anti commutators 
and e jfc is anti symmetric with e 12 = 1 and e 21 = — 1 .It is to be noted that 
the vector super potential naturally generates a gauge field interaction structure 
resulting from supersymmetry algebra. Thus it is possible to say that we can take 
quaternion supersymmetry as N = 4 real supersymmetry because like complex 
quanties generat two dimensional real representation, accordingly quaternions 
generate four dimensional real representations, thus we need to define q in such 
a manner that —V 2 = qq* = q^q and 4-dimensional supersymmetry algebra 
can be built accordingly in terms of three non commutating quantities but 
associative quantities like three quaternion units, ej. Let us assume that q in 
free space can be written as a linear super position in terms of pure quaternion 
units consisting non-Abelian gauge structure and are obtained from q with q — 
i.e. 



3 
3=1 

and we may write equation as 



Hi = qU = J2 e i e i(- V i) - E^ e fc + e fc ej)V,V fe 

j=l j<k 
3 3 

H2 = qqi =X>i e i(- V *)-5>i e *+4 e j)VjV fe (100) 

3=1 3<k 
3 

where we may write q = ~a ■ Vwith ~a = ejdj.The vector super potential 

3=1 

depends on the position as 



3 
3 = 1 

and accordingly we may obtain the super partner Hamiltonians gg^and q^q 
interms of interacting super potential j2] with the assumption that the gauge 
interaction structure naturally arises from the requirement of super symmetry in 
ters of quaternions and gauge theory of dyons be dealt in this manner. The gener- 
alization of this theory to octonion is not possible because of the non associative 
nature of octonions. Secondly octonions can not be written directly in terms of 
eight dimensional matrix representation of real numbers like quaternions are 
written in terms four dimensional representation of real numbers. There is the 
difference between quaternion and octonions that the quaternion satisfies all the 
property of matrices while the octonions are not and the alternativity property 
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of split octonions is still not competant to resolve these inconsistencies associ- 
ated with octonions. So, it is hard to write the super symmetric extension and 
we will have to write it another way to visualize the supersymmetry with octo- 
nions and octonion gauge theory of dyons.thus we may conclude that many of 
the properties of quaternion quantum mechanics lead to the properties of super- 
symmetric quantum mechanics because in both the cases the energy is positive 
semi definite and a gauge interaction arises automatically when one defines the 
quaternion units in terms of Pauli spin matrices and supersymmetric charges 
are defined accordingly. If we describe the well known N = 4 supersymmetry, 
the 4-dimensional real anti symmetric matrices Oj-and f3j for all (j = 1,2,3) 
associated with it p0jsatisfy the algebra given by 

{a 4 ,a J } = {(?, j3 j } =-26 ij [a i ,j3 j ]=0 
[a\a?] = -2e l]k a k [f3\ (3 j ] = -2e ijk p k (101) 

which is the algebra of quaternions. The matrices a>j and /3jare thus the 
quaternion analogue for give 4x4 real matrix representation of three quater- 
nion units since the properties of ctj and 0j are same as those for three non 
abelian quaternion units. Thus we conclude that N=4 real Super symmetry 
can be visualized as N=l quaternion and N=2 complex Super symmetry and 
the theories of monopoles and dyons are thus be understood better in terms of 
hyper complex number system. 
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